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Introduction

In the 1980sRiemannN= 1 supersurfaceswerepresentedfor considerationin
connectionwith the theoryof superstrings[BS, Fr]. N= 2 supersurfacesalsoap-
pearin the theory [Ge]. The groupsof uniformization for N= 2 supersurfaces
aredescribedin [Ma]. Somelocal propertiesandespeciallythedimensionof the
moduli spaceof N= 2 Riemannsupersurfaceswerefound [FR].

Thegoalofthispaperisadescriptionof theconnectedcomponentsof themod-
uli spaceof RiemannN= 2 supersurfaces.To thisendwe connectto eachsuper-
surfacetwo Arf-functions. Below wedescribetopological typesof pairsof Arf-
functionsanddefinethetopologicaltypeof aRiemannN= 2 supersurfaceas the
topologicaltypeof its pair of Arf-functions. Then we prove that the set of all
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supersurfacesof the sametopologicaltypeformsa connectedspaceM, which is
representedas T/Mod, whereT~P~’”~/(Z2)

3andMod is adiscretegroup.We
describea constructionconnectingthe systemof generatorsof asuper-Fuchsian
group with t ~ T ~ ER ~ ~r)• The constructionalso includesthe moduli spaceof
N= 1 supersurfacesinto the moduli spaceof N= 2 supersurfaces.We prove that
the bodyof the moduli spaceof N= n supersurfacesis a spaceof spinorbundles
of rankn. For n= 1 this spacecoincideswith the spaceof liftings of Fuchsian
groupsfrom F~PSL(2,ER) to ~ SL(2, ER). Hereandin the following, whenwe
say“Fuchsiangroup”we considera“Fuchsiangroupwhosetreeacts on the up-
perhalf-plane”.

1. RiemannN= 1 and N= 2 supersurfaces

Let L=L(K) be the Grassmanianalgebraover the field K generatedby the
infinite set 1, 11, 12 EachelementaEL maybe representedas the sumof an
elementa

0eKanda finite numberof elementsof the form a(I,...,~l,A A A ~
wherep>O, a~II2...I~EK,and i~>i2>•>i~. The mappinga—~a

5’_—a
0definesan

epimorphism*:L—~K.Themonomial1, A A l,~,is calledevenor odddepending
ontheparityof p. The monomial1 isconsideredto beeven.Linearcombinations
of even (odd) monomialswith coefficientsin the field K form the setL0(K) of
evenelements(the set L1 (K) of oddelements)of the algebraL(K). Thefield K
will beassumedto bethe field of complexnumbersC or thefield of realnumbers
ER.

Let K(!~m) bethelinearsuperspaceof all sequences(z1, ..., z,, O~,..., O,~),where
zjELo(K)and0jeLi(K).Let#(zi,...,znIOi,...,0m)=(z~,...,z~r)~K~1.

RiemannN= 1 supersurfaceswith a non-commutativefundamentalgroupare
constructedby the N=1 uppersuper-half-planeH’_—{(z, 0)eC~”~IImZ*>O}

andits groupof automorphismsAut (H’), which consistsof A= I’{a, b, c, d, e

A(Zlo)_(~~~0 eO+az+fl
\\cz+d+ô0 cz+d+ôO

wherea, b, c, d, eeL0(R),a,fl, y, ôeL1(R), ad—bc—a/J=e
2+2yô,ae=aô—cy,

Jie=bö—dy[BS]. Theprojection#:H~~~~*H*gives

a#Z+b~

A5’=#(A)eAut(H~), A#z= ~

We saythat F~ Aut (H’) is an N= 1 super-Fuchsiangroup if F~is a Fuchsian
groupand#:F_~F~is theisomorphism.A RiemannN= 1 supersurfaceis defined
asP=H’/T’, whereFis anN= 1 super-FuchsiangroupandF# actson H* without
fixed points.
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The superspaceH={(z101,02)eC~’
12~IImz#>O} is called the N=2 upper

super-half-plane.Let Aut(H) be agroup ofautomorphismsA=I{a, b, c, d, 11
which havethe form

A(z I 0~,02)

(az+b+ö’’0
1+ô

120
2 l’’O1+P

2O
2+�’

1z+~’2l210
1+l

220
2+~

21z+~22’\
~cz+d+ó210i +ô220

2 cz+d+ö
210

1+ö
220

2 ‘ cz+d+ô
210

1+ô
220

2 )‘

wherea, b, c, deL0(ER),1EGL(2,L0(ER)),�, ÔeGL(2,L1 (ER)),

(—c a’\Iö’’ o’
2\ (~2l ~11’\(lll 112

‘~—db)~~,o21 ö22)~~�22 ~12j~j21 122

Moreover [Ma],

ad—bc—c’‘~22 c21~’2—l’’l22+l21P2+ô’’522+ö’2ô2’=A , A~>O

l~~l21+oi~o2l=P2l22+ol2o22=O. (*)

The automorphismA is called hyperbolic (parabolic) if Ia~+d#I>2
(I a~+ d# I = 2). EachhyperbolicA is conjugatedto anautomorphism

(zl0,,O
2)+~LzIh”0,+h’

20
2,h

210l+h220
2)

where)~>1, andeachparabolicA to

(zIO,, 02)F-*. (z+llh”0, +h’
20

2, h
210,+h220

2)

From(*) it follows that (h
11h22)#,(h’2h2’ )~~Oandeither (h” )#= (h22)*=O

or (h12)#=(h21)#=O. We definefunctionsQ,,Q
2:Auto(H)—~{O,l} on the set

Aut0 (H) ofhyperbolicandparabolicautomorphisms,suchthat
(1) Q, (A)= 1, Q2(A)=lif (h )#, (h

22)#> 0, (h12)#= (h21)~=O;
(2) Q,(A)=0, Q

2(A)=Oif (hhl)*, (h
22)*<O, (h12)#=(h21)~=O;

(3) Q,(A)=l Q
2(A)=Oif(hll)#=(h

22)#=O, (h’2)~(h21)#>O.
(4) Q,(A)=O,Q

2(A)= 1 if (hu)#= (h
22)~=O,(h12)#, (h21)~<0.

The projection*: H_~H*givesA#=#(A)EAut(H*), where

A* — a#z+b#Z~ c*z+d~

We saythatFc Aüt(H) is aN=2 super-Fuchsiangroup if ~# is aFuchsiangroup
and#: F’—~F~~’is the isomorphism.A RiemannN=2 supersurfaceis definedas
P=H/F, whereFc Aut

0(H) is an N=2 super-Fuchsiangroup. The projection
* : H_+H* givestheprojection*: P~~,P*on theRiemannsurfaceP~= H~/T’(body
ofP).
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2. Arf-functions connectedwith supersurfaces

In thissectionwe provethatQ, andQ2 generatetwo Arf-functionson the body
P~of a RiemannN= 2 supersurfaceP.

Lemma2.1. Let fl=H*XC={(zIO)} and C,, C2, C3EAut(I~) be such that
C,C2C3=l,C,(zI0)=(~,ZIa,~J)~0),

C 0 ((A2a2_fl2)z+(1_~~2)a2fl2 02 /~(a2_/J2) 02(Z~ )~ (~2—l)z+(a2—~2fl2) (~2—l)Z+(a2—~2fl2)

C 0 ((A3a3_fl3)~(1_~3)a3fl3 a3~/~(a3—fl3) 03(zI )~ (~3—l)z+(a3—23fl3) (A3—l)z+(a3—23fl3)

wherea, /3,, ).~eER,o= ±1, )~,>1, a2>0.Let l(C,) ~H# be the half-circle with
origin /3,andenda, (a,=cc,/3,=0).

Then: (1) lf/32<0, then/32<a3<O<a2< /3~and03=0,02; (2) ifo</32<a2 then
0<a3</32<a2</33,C21(C3)nl(C3)�Oand 03=0,02/ (3) if/32>a2 theneither
030,02, /J3<a3<0or a2<fl3<a3</32, 0301U2, or/32<a3</33and in the last
case

(~+~)2 /32 <a2</32 <a3 </33 <~,

0~3= 0, °~2

Proof LetC(0,0)=~J~(C)+f,(C)0,w0(C)0+w,(C)).Then

a3~(a3—fl3)— ~0(C~’) — ~o(C,C2) — a,a2~7~2(a2—fl2)
(23—l)a3/33 — f0(C~’) — f0(C,C) — ~1(l—A7)a2fl2

1(C)

1(C2) _______

132 (13 0 (~2 133

Fig. 1.
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1(C
1)

0 a3/
3

2 ~2 /
3a

Fig. 2.

andthereforea
3=sign{(/33—a3)(a2—/32)a2/32a3/33}a,a2.Let/32<0 (fig. 1). Then

C3([fl2, 0])=C~’Cj’([fl2, 0])c~fl2,0] andtherefore/J2<a3<0.Similarly it
can be proved that /33>a2. Let 0</32<a2 (fig. 2). Then C3 ([0, /32]) =

C~C~’([0, /32]) [0, /32] and therefore0< a3</32. Similarly /33<a2. Thus
C2a3= Cj’ C~‘ a3e[0, a3] and therefore C2a3<a3. Moreover, a2< C2/33 </33

andthereforeC2l(C3)n 1(C3)~ 0. The statements(1) and (2) areproved.
Now let fl2>a2 (fig. 3) andDeAut(H) be suchthatDC2D’=I~. We put

~,=DC2D’, C2=DC3D’, ~3=DC,D’. Then l(~,)nl(c~3)=O.Fromstate-
ment (1)andthefact that l(~,)nl(~3)=Oit follows that l(~,)n/(~2)=0and
thus1(C2) n1(C3)= 0. Similarly1(C,)n 1(C3)=0. Thusall possiblepositionsfor
1(C3)are shownin fig. 3. Nowweusestatement(2) for C,,C2andobtaina3</33
ifa3, /13>/32 and a3> /33,0,02031, ifa3, /~3e[a2, /12] ora3, /33<0.

Thepointsa3 and/3~arerootsof the equation

(22 1)x_ (22fl2—a2—2,fl2+1,12a2)x+2,(22—l)a2fl2 =0.

Thereforea3/33=2,a2/32>a2fl2andthecasea3,/33e[0, a2] is impossible.This

1(C,)

0 —

Fig. 3.
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equationhasrealrootsif andonly if

a>I i /J~ or a2<i I fl~.
~ 1+ — I) -

Since

22132—a2—2,/32+2,22a2

a3+/33= 2 —1
thelastconditionis incompatiblewith a3,fl~>/3~.

Let FcAut0(H) be an N=2 super-Fuchsiangroup, P=H/T’, peP#,

~ji,~:F-5it, (P#, p) and ~

1’H~ ~ (P#,p)—~H,(Pu, Z
2) bethe naturalprojectionsand

Q=Q,~iç’:m,(P~,p)-~Z2.

Lemma2.2. Let the simplecontoursë,, c2, c3 ~ P~be suchthat i~,nL~=pand let
the corresponding c,ei~,(p*, p) be such that c,c2c3= 1. Then Q(c3)=

Q(c,)+Q(c2)+(c1,c2),where(c,,c2)eZ2is theindexintersection.

Proof Let yj,~’(c,)=I{a1, b,, e1, d,, l,I�~}andC1eAut(I?),

C 0 (a~z+b~sign(1~~+l~
2)ez1~0,(zI ~e~Z+d~ e~z+d~

Parabolicautomorphismsarealimit ofhyperbolicones.Thereforethe statement
of thelemmafor parabolicautomorphismsfollows from the statementfor hyper-
bolic automorphisms.Let C~’,C~,C~be hyperbolicautomorphisms.After con-
jugationwemayassumethatthe C

1 satisfy lemma2.1. The imageof 1(C,) on
is homotopicto c~.Therefore(c,, c2) =0 if andonly ifl(C,) nDl(C2)=0 for all
Do <C,, C2> [Na 1, lemma1.41.Accordingto lemma2.1 thelast conditionholds
if andonly if 03= —0,02, that is, if Q(c3)=Q(c, )+Q2(c7).

A setF={a1, b, (i=1, ..., g), ç (j=g+l, ...,g+n} of generatorsof m,(P~,p)is
calledabasisof P if thegeneratorsarerepresentedby contoursason fig. 4, where
the arrowsshowtheorientationdefinedby multiplicationon i andp is the unique
point ofintersectionof the contours.

Lemma 2.3. Let thesimplecontoursa,, a’1 ~ P~representa1, a’1 nit, (p#,p) such
that y.’H(a,)=YJH(a’,). ThenQ(a,)=Q(a’1).

Proof Let us considera basis v={a1, b, (i=1, ..., g), c1(j=g+l, ..., g+n)}
lr,(P*, p) andWHv={al, 5~(i= 1, ..., g), ê1 (j=g+ 1, ..., g+n)} HI(P#, Z2).

We cantakeW((~,)=Q(a1), w,(
6

1)=Q(b,), w~(~)=Q(c,) andcontinuew. on
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/ a,

C

02

0
Fig. 4.

H,(P#,Z2) by w~(d,+d2)=w~(d,)+w~(d2)+ (d,,d2). Accordingtolemma2.2,
for any Dehntwist v—~sv[De] we have w~=w~.Moreover, thereexists a se-
quenceofDehntwistswhichmapsvto somev’={a, b’1 (i= 1, ..., g), c~(j=g+ 1,
...,g+n) [De}.ThusQ(a’1)=w~,(â’1)=w~(â’1)=w~(â,)=Q(a,).

Functionson simplecontoursaeir,(P) which satisfythe statementof lemma
2.2. areknownin topologyasArf-functions [DNF]. Accordingto lemma2.3, an
Arf-function definesa functionw:H, (p#, Z2)—~Z2,which will be calledan Arf-
functiontoo:

Definition. A functionw:H1 (P*, Z2)—*Z2 is called an Arf-function if w(a+b)
=oi(a)+w(b)+ (a, b). (In [Na6] suchfunctionsarecalledspinorforms.)

Definition. Let Fc Aut0(H) beanN=2 super-FuchsiangroupandP=H/Fbe a
RiemannN= 2supersurface.ForaEH,(p*, Z2) we putw, (a)=Q1(A), whereA oF
is such that y.i~(A)oit,(P~,p) may be representedby a simple contourand
WHW~(A)=a.

Theorem2.1. Thefunctionsw,, w2correctlydefineArf-functions.

Proof Thestatementofthe theoremfor w, follows fromlemmas2.2, 2.3. More-
over,Q,+Q2 is ahomomorphismandthereforew2 is anArf-function too. ~

We shallsaythatthe pairof Arf-functions (w,, w2) is generatedby theRiemann
N= 2 supersurfaceP.
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3. Topological typeof pairsof Arf-functions

Let Pbe a surfaceof genusg with n holesandpunctures.Thesystemof gener-
atorsv={a,, b (i= 1, ..., g), ~, (j=g+ I, ..., g+n)}nH, (P, Z2) is calleda basisif
(a,, a~)= (b,, b1)=0, (a,, b1) =ö,~andeachc1 mayberepresentedby contourswhich
compriseoneholeor puncture.

Eachbasismaybe transformedinto anyotheroneby a sequenceof transfor-
mationsoftheform: (1) a,=a,+a1.,5~=b1a1=a1, 6=b1+b1 (2) ã,=a1+b1 (3)
ã,=b1, ~=a1 (4) ã,=a,+c,; (5) ë=c~,~=c1, where l~<i,j~<g<k~<g+nand
ã,=a,, 5~=b3,c~,=c,ift�i,t~j[DEl.

Let w:H,(P, Z2)—~Z2be an Arf-function. Let usput 5=ö(P, w)=0 if there
existsa basisvsuchthat

~ w(a1)w(b1)~0 (mod2)

In the othercaseweput ô= 1. The typeofw is (g, ö, n0,n1), wherena=n,3(P,w)
is thenumberof such]thatw(c~)=a.

Lemma 3.1. Theset (g, ô, n0, n,) is thetypeofanArf-functionifandonly if n, ~0
(mod 2) and ô=0 for n,>0. In this case there exists a basis v such that
w(a,)=w(b,)=Ofori>l andw(a1)=w(b,)=ô.

Proof From

g+n /g+n \
~ w(c~)=w( ~

j=g±l \j=g±1 /

it follows thatn1~0(mod2).
Now we shallprovethat thereexistsabasis v such thatw (a1) = w ( b,)= 0 for

i> 1 andw(a, ) =w(b, )=0 for n1 >0.To this endwe shalltransformto anarbi-
trary basis v. The transformations(1)—(3) give a basis v such that w(a1) =

w(b,)=0 for i> 1 and w(a,)=w(b1).Moreover, if w(a,)=w(b,)=w(ck)= 1
thenfor a1 =a, +ck, 5, =b, +ck we havew(a,)=w(5, )=0. If n, =0, thentrans-
formations(1 )—(5)preservethe element~, w(a,)w(fl,)nZ2andthereforethe
type (g, 1, n0,0) exists.

By the samemethodthefollowing lemmamaybeproved.

Lemma 3.2. Let x:H, (P, Z2) —~Z2bean epimorphism.Thenthereexistsa basisv
suchthat~(b, ) =~(a,)=~(b1)=0for i> 1 and~(a1) =0 if thereexistsuchc~.that
X(ck)=l.
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Now let w,, w2betwo Arf-functionson P. We saythat the set (g, ô,3(w,,w2),
ó(P,w,), ~(P,w2),nap, a,/1=0, 1) isthe typeof (P, w,,w2) ifö0=0 forw, =w2,
ô0=l for w,*w2 andnap=nap(P,w1, w2) is the numberof elementsc1 of the
basisvsuchthatw,(c~)=a,w2(c~)=/J.

Lemma3.3. Theset (g, 1, oh ô2, nap) is thetypeofapair ofArf-functionsW1* 0)2

if andonlyifthesets(g, 0,, n00+n01,n,0+n,,) and(g,ô2, n00+n,0,n0, +n,,) are
the typesofsomeArf-functions.In this casethere existsa basis v such that: (1)
w1(a,)=w~(b1)=0(for j=l, 2; i> 1), w~(a,)=w~(b1)=O,if n,0+n0,>0; (2)
w1(a1)=w1(b,)=0(forj=l,2;i>l), w,(b1)=o.2(a,)=W2(b,)=0,w,(a,)=1if
n,0=n01=0; n,,>0, (3) w1(a1)=w~(b1)=O(for j=l, 2; i>2), w,(a2)=
w1(b2)=w2(a2)=w2(b2)=~,w,(b,)=w2(b,)=O, w1(a,)+w2(a,)=l (where
f=OifO=lando.),(a,)=llfO=0)lfn0,=n,0=n,,=0.

Proof Thefirst statementisobvious.Applying lemma3.2 to W=w, + ~2 we find
a basis v such that w(b1)=0, w(a1)=w(b1)=0 for i>1, and w(a,)=0 for
n01+n10>0. Let n0,+n,0>0. Then w,(a,)=w2(a1), w,(b,)=w2(b1) and the
transformations(1 )—(3) giveabasis v suchthatw1(a)=w1(b,)=0 forj= 1, 2,
i> 1 andw1(a1)=w,(b,)=w2(a2)=w2(b2).Now, using the transformations
a,=a1+ck and5, =b, +Ck, we havew1(a,)=w1(b,)=O~.

Now let n0,=n,0=0 andboPbe asimplecontourwhich representsb,. Then
the functionsw,, ~2 areequalon P\bandaccordingto lemma3.1 thereexistsa
basisv of H,(P#,Z2) such that w3(a~)=W1(b1)=0for j=l, 2, i>2, w,(a2)=
w,(b2)=W2(a2)=w2(b2)=�,w,(b,)=w2(b,)=O,w,(a,)+w2(a,)=land~=0
ifO= I or n,1 >0. If n,, >0 thenby the transformationS,=b, +ck wehave0=0.
If 0=0, thenthetransformationa,=a, +b, givesw,(a, ) = 1.

A basiswhichsatisfiestheconditionsof lemma3.1 for w=w, =~2 orof lemma
3.3.for w, ~ is calleda basisadjustedto thepair (w,, W2) ifw, (c1)=oi2(c1)=0
for i<~g+n00(o,(c~)=l, w2(c1)=0 for g+n00.<j~<g+n00+n01w,(c1)=0,
W2(c1)=l for g+n00+n0,<j~<g+n00+n01+n,0w,(c1)=w2(c~)=lfor j>n00
+n0, +n,0. It is obviousthattheseconditionsdefinethevalueof w, on elements
of thebasiscompletely.

Let a set (g,0,, nap) satisfytheconditionsoflemma3.3 or havethe form (g, 0,
0, 0, n0, 0, 0, n,),where(g, 0, n0, n,) satisfiestheconditionsof lemma3.1. Then
wewill saythat the set (g,0,, nap) is suitable.

Theorem3.1. Let (P,, w~,w~)and (P2, w~,w~)be twopairs ofArf-functions,
which havethesametype. Thenthereexistsa homeomorphism~3: P, —~P2,which
givestheisomorphism~:H, (F,,Z2)—~H,(F2, Z2) suchthat w~ç9=w]forj= 1, 2.
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Proof Accordingto lemmas3.1 and3.3 the groups H, (P,.,, Z2) havebasesv,., =

{a~”,b~”,c7’} such that w) (a))=w~(a~),w) (b,’)=wJ(b~),wJ(c,’)=w~(c~).
We constructqi:P,—~P7asthe homeomorphismwhich movesv1 to v2.

4. Moduli of RiemannN= 1 supersurfaces

For the first timemoduli spacesof hyperbolicRiemannsurfaceswith arbitrary
fundamentalgroupwere constructedby Fricke andKlein [FK]. Our approach
to moduli spaces of supersurfacesis analogousto theirs. That is why we shall
beginwith abrief descriptionof the Fricke—Klein theory. Its modernversions
EKe, Na2,Zi] differ by parameterswhich describemoduli spaces.An approach
that is convenientfor our goal can be found in [Na2 l~wherethe parameters
describegeneratorsof groupsof uniformisation.

Eachhyperbolic automorphismA of the half-planeH# (with A (oc) ~ x) has

theformA=I(2, a,fl),

Az— (Aa—/3)Z+(l—2)a/3
— (2— 1 )z+ (a—213)

where 2, a, /3~ER,2>1,a*/3. It is conjugatedtoA=I(2), AZ_—AZ (2>1).We call
thepair (C1=1(2,), C2=I(22,a2, /32)) canonicalif

~ ~/~\2

0<i j
- - -

In this caseC3= (C,C2)’=I(23, a3, /33) is hyperbolicand/32< a3</33< oc [Na2,
proposition 2.11. The pair C,, C2 is called half-canonical if there exists a
DEAut(H#) suchthat (DC,D’, DC2D’) is canonical.For a sequenceC,.
C,, let usdenoteby C”’ the productC1~~C,.,,. A set { C, C,,} ci Aut (He) is called
asequentialsetif C” = 1, and (C”’, C,~± ) arehalf-canonical for all m t~n —2.

We say thata pair (A=I(AA, a.,,
13A), B=I(2

8, a~,fiB)) belongsto the auto-
morphism1(2) if

ccc:al</
3B<13

4<aB<O,

~ ~ ~ <\/)L, 2 B — ~ , 2 = fiB ~ —

/3., ~ /3.,\/)i_a4 aB\[1—fiB

aBfiBA—[(a.,+fi.,)(aB+$B)—aBPB—aAfiA]J2+aAIf,=O.

In this case1(2) = [A, B].
We saythatapair (A, B) belongsto a hyperbolicautomorphismC if the pair

(DAD’, DBD’) belongstol(2)andDCD’=1(2) forsomeDeAut(HB). Let
~(C) be the set of all (A, B) belongingto C. Let Q(C) be the set of all sequences
(a’,, /

3A~aB, /3B) suchthatthereexists2.,, 2~for which (1(2,,a.,.13.,), I(AB, Ct]
3,
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/JB))EQ(C). It is obviousthat~(C)~Q(C)~ER3.
Let i’~(g,n) bethe setof all sequences

{2,,a,,fl,,...,Ag±fl,ag÷n,flg+n,aA,,PAI,aB,,PB,,...,aAg,/34g,aBg,/JBg}

suchthat

{ (C,=I((2,,a,,fl,),...,Cg±n=I(2
0±n,ag±n,fig+n)}

is asequentialsetand

(aA,,/
3A,,aB,,/iB,)EQ(Cl)

It maybeprovedthat ?(g, n) ~ER~3”3. The mapa i-~D(a),fiF-+D(fl) defines
the actionof Aut(H*) on ~T(g,n). Theorbit spaceT(g, n) ~P6~3”6 is called
theFricke—Kleinspace.

Eachpoint ~= {1,, ..., /3~} o ?(g, n) correspondsto theset

where

C- =I(2~,a~,/3,) , A- =I(2A,, CtA,, PA,) , B, =I(AB,, Ct]3,~fiB,)

and (A
1B,)belongsto C1. TheygenerateaFuchsiangroupF( ~). If F( ~, ) = F( ~2),

then b(~,) =hI3(~2),where h is an automorphismofF. Thusthe moduli space
M(g, n) ofRiemannsurfacesofgenusg with n holesis homeomorphicto T(g, n ) /
Mod(g, n). It may be proved, that Mod (g, n) is isomorphicto the group of
homotopicclassesof homeomorphismsof thesurfaceof genusg with n holesand
Mod(n,g) actsdiscretelyon T(g, n).

Thedegenerationsof somehyperbolic C, to parabolicautomorphismsgive the
space T(g, n, m) ~p6g+3n+2m_6 and the representationof the moduli space
M(g, n, m) of Riemannsurfacesof genusg with n holes and m punctures
(2g+n+m>2) in the form M(g, n, m)=T(g, n, m)/Mod(g,n, m), where
Mod(g, n, m) ci Mod(g, n+m).

Let usnow confine our attentionto RiemannN= 1 supersurfaces.They have
the form P=H’/F, where F is an N= 1 super-FuchsiangroupandeachA ci F is
hyperbolicor parabolic.Eachhyperbolicmaphasthe form

A=G’(Q, 1, a,flI ~ ~2) =I’{2a—/3, (1 —2)afi, (2—1), (a—2/3),eI�’ (2}

wherea, /3,2,eoL0(ER),i’, f
2EL, (ER),2*> 1, Q,oZ

2andeis uniquelydetermined
by the condition that A is conjugatedto a mapA(zI0) = (Izl (2Q, — 1 ~
Eachparabolicmapis conjugatedto someA(z10)=(z+l (2Q,—1)0), where
Q,EZ2.Thuswehavethe map.Q, : F—Z2.

Thisgivesa function th, : it, (p*, p)—*Z2 on the bodyP*=H*/F* of the N= 1
supersurfaceP=H/F. According to lemmas 2.2 and 2.3 an Arf-function
0), :H,(P*, Z2)—~Z2is generated.Theset (g, 0, na, ma) is called the typeofthe
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N= 1 supersurfaceP if (g, 0, n,.,,+m~)is the typeof the form w, andn~(rn,3) is
thenumberof holes (punctures)c1 suchthatw,(c1)=a. Let M’(g, 0, n~,ma) be
thespaceofall RiemannN= 1 supersurfacesoftype(g, 0, n,~,,~

To investigateM(g, 0, n,,. ma) considera set

D~(g,n)_—?’1(g,n)xi~(g,n)x~(g,n),

where

?‘, {~,= (2~.,,~ ~ a.,,,fi.,, aBI,PBI, ~~•~fiBg)

D,
_f — 1 2 1 2 2 1 2 2 \ 0,(O~4g±2n—4)

21 2 ~Ai, CA,, ~B,, ~Bi, ~ ~Bg~ ~(g+i, (ç,÷,, ..‘ ~Cg±,,_iJ
0

T’., = = (2.,~,1~,,~, ,, ..., f~-~)nER (251e)}

Let x= (g, 0, n~)be the type of some Arf-function and ~= ~ ~ ~3)

e~T’1,(g,n), where n=n
0+n,. Then the set ~(~~={A7,B7 (i=1, ..., g), C~’

(j=g+ 1, ..., g+n)} generatesaFuchsiangroupT(~)anddefinesa basis

v={a1, b1 (i= 1,...,g), c1 (j=g+ 1,...,g+n)} ciH, (p*, Z2),

whereP*H*/F(~)
Thereexists a uniqueArf-function w, on P for which w,(a,)—_w1(b,)=O,

w,(a,)=w,(b,)=0fori>landw1(c~)=lforj>g+n0.Letusput

C1=G(w,(c,) lAc.,, ~ f~.,,f~-,)(i<g+n)

Cg±n(Ci”Cg±n,)’

A1=G(w,(a1)~24,, aA,,/JA,I�A,,�~,)

B,_—G(w,(bl)12B,, aB,,/
3B,l(13,, f~,)

Let ?‘(x)={~e?,jg, nflC
1= [A,B,] (i= 1, ..., g)}. The groupAut(H’) acts on

D’(~)by conjugates.Let usput T’(~)= ?‘(~)/Aut(H’).It maybe provedthat
~ Fromthisfollows

Theorem4.1 [Na3, Na4]. ThespaceM’(~)=M’(g, 0, n,.,, m~) is not empty if
and only if n,+m,=0 (mod 2) and0=0 for n,+rn,> 1. In this caseM’(~)=
T’(X)/Mod(X), where T~(X)=ER(

6 3F6I4.~±2(n±m)~~~4)/(Z
2)n=n0+n1, rn=

m0+m,andMod(~)ci Mod(g, n, m).

5. Moduli of RiemannN= 2 supersurfaces

According to section 2 each Riemann N= 2 supersurfaceP generates a pair of
Arf-functions (w,, W2) on P~.The typex= (g, 0,, nap) of such a pair was de-
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scribedin section3. Now let us describethespaceM(X) ofall RiemannN=2
supersurfaceswitha pair ofArf-functionsoftypex. EachM(~)will berepresented
in theform ?~(g,n)/Möd(~),where

TT~(g,n)=?,(g,n)xD2(g,n)x?3(g,n),

7, {‘~,= (
2c,, ac

1,fic,, ~ aAl,/

3A

1, aB,,PBI, ...~/JBg)

,~p(7e+3nIo)~ç~r07(gn)}

T2(g,n)={~2=(YAI, ~A1, YB1, ~B1, ~Bg~ Ycg+i, ~cg÷i’ ...,

YA,, YB,, yc,oLo(IR),YA,, ~ )C~>0, CA,, ~B,, fc,EGL(2,L,(ER))}

T3(g, n) = = (

2A,, 1B, , Yc,, c
1~~ cg) I

EachhyperbolictransformationA mayberepresentedin the form

A=G(w,,w2~2,a,f3,yIf)

=I{2a—/3, (l—2)a/3, (2—1), (a—2fl),..,/)(a—fl)hl�},

where (,,/,~ ) 2 = 2, (~J~)~> 0, Y#>O andh°arecompletelydescribedby thecon-
ditions(1) h’’=—y, (h

22)#<Oifw,=w
2=0; (2) h’

2=—y, (h21)*<Oifwi=0,
0)2=1; (3) h’2=y, (h21)*>0 if w,=l, 0)2=0, (4) h”=y, (h22)#>0 if w,=

= 1.
Let x= (g, 0-, nap) be a suitable type and ~= ~ ce2, ~

3)ni~(g, n), where
n=n00+n01+n,0+n,,.Thenaset~fl={A7,B~ (i=l, ...,g), C~’(j=g+l,

g+ n) } generatesaFuchsiangroupF(~) anddefinesabasisv= {a,, b, (i = 1,
g),c~(j=g+l, ..., g+n)} ci H,(P*, Z2), whereP*=H*/F(~). It is obvious

that thereexistsauniquepair (p*, w,, W2) of Arf-functionsof typex for which v
is abasisadjustedto it.

Let usput

C, =G(w,(c,), w2(c1)1
2c,,ac,,fic,, Yc, f~,)(i<g+n)

Cg+n(Ci”~Cg+n_i)’,

B~=G(w
1(b1),(02(b1)I

2B,, aB,,fiB,, YB, kB,)

Let

?(x)={c~e?~(g, n) IC~=[A
1,B,] (i= 1, ...,g)}

Each~e?(x) generatesthetransformationsV(~,c~)= {A,, B,, C~},whichgener-
atean N= 2 super-FuchsiangroupF(X, ~)anda RiemannN= 2 supersurface
P(~,~)=H/F(~, ~).
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Lemma 5.1. Thecorrespondencec~-~P(x,~)maps7(x) on M(~).

Proof The transformations A,, B-, C~were chosenin sucha way that the super-
surface P(~, ~)generates a pair of Arf-functions (wi, W2). Thus P(~, ~)nM(~).
Nowlet PEM(X). It generatesa pairof Arf-functions (Pu, W~,W2). Let v={a,, b

1,
ci H,(P#, Z2) be a basis adjusted to (w,, W2). Let us considera basis13={a1,

F,, ~,.} ~ ~, (P~,p),whichturn into vby the natural projection it1 (P~,p)-+H, (P~,
Z2). Let V={A,,B,,C~}=~u~(iY).Then the set {

2D~aD,fiD, YD, �DIDEv,D=
G(w

1(D), w2(D)IAD, CtD, PD, YDkD)} forms a point ~ n) such thatP=
~

Different points~,~‘eT(~) maygive the samepointofM(~).This occursin
two cases:(1) F(~’)=FT(~)F’,whereFeAut(H); (2) F(~,c~)=F(~,~‘) and
V(~,~‘) =fV(x, ~),wherefeAut(F(x, ~fl. ThusM(X) = T(~)/Mod(~),where
T(~)= ?(~)/Aut(H)andMod(X) ci Mod(g, n).

Lemma5.2. T(X)=T0(X)/G, where G=(Z2)
3, ~

n=n
00+n01+n,0+n,1and(1)b=OforO0=l;(2)b=lfor00=0,n>0;(3)b=2for

= n= 0.

Proof The natural projections7, x T2x ?3—~7, x 72 give a one-to-onecorre-
spondencebetween7(X)ciT,(g, n)xT2(g, n)x?3(g, n) and 71(~)xT2(~),
where

7’1(x) ci D,(g, n). In eachorbit of ?(x) underthe actionof Aut(H) there
existsa~e?(X)suchthatC,(zIO,, 0

2)=(2z10,,03_i) andct.,,=l (ora~2=lif
g=0). Let D(~)ci

71(x) X T2(X) be the set of such ~. It has the form
7, (~)x D

2(,~),where7, (,~)(parallelto theclassicalsituation) is homeomorphic
to ~ and ~ where G={(zlO,, 02)~-+(Zj±0,,
±03_,)}and(l)b=OifO0=0,n=0;(2)b=1 ifO0=0,n>0; (3)b=l ifO0=l.

If 0~=0thenT(~)=D(~).If 0=1 then the conjugation(zIO,, 02)~—~(zljt0i,
~‘02)actson D2(~)and~

Nowlet usconsiderRiemannN= 2 supersurfaces with punctures.The typeof
the supersurface Pwith holesandpunctureshasthe form (g, ~,ó~,02, nap, m~~p),
where(g, 0,, n(.,p+map) is thetypeof thepair of Arf-functions w,:H1 (P~,Z2) —~Z2
andm~8is the numberof suchpuncturesC1 thatw,(C1)=a, w2(C1)=fi. A su-
persurfacewith puncturesmaybeconstructedby degenerationof partof the holes
to punctures.This isequivalentto adegenerationof partof thehyperbolictrans-
formationsC1 to parabolicones,which dependon (3 4) parameters.Thus the
combinationof lemmas5.2, 3.1 and3.3 gives

Theorem5.1 Let M(~)=M(g, ~ ô~,02, nap, map) be the space of all Riemann
N=2 supersurfacesof the type x. Then M(~)~0 if and only if (1)
n01 +m0, +nl, +m,1, and n,0+m10+n,,+rn11 are even; (2) 02=0 if
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n01+m01+n,,+m,,>0; (3) Oi=O if n,0+m,0+n,,+m,,>0; (4) n01=n,0
=m01=m,0=0 if 0~=0.In this case M(x)~T(x)/Mod(x),where Mod(X)
~ Mod(g, n, m) and T(X)=ER(s 4n+3m~S

8~~4n~3’n—8~/G,where G= (4)3,
n=n

00+n0,+n10+n,1, m=m00+m01+m,0+m,,,and(1)b=0 ifO0=l, (2) b= 1
ifO0=0, n+m>0,(3)b=2 ifO0=n=m=0.

In the following we describethe inclusionof the moduli spaceof N= 1 super-
surfacesin the moduli spaceof N= 2 supersurfaces.

Let a(zIO,,02)=(zIO2,0,)\ and Aut*(H)={AeAut(H)IaA=A}. Each
AoAut*(H) hasthe form A=I{a, b, c, d, ljf}, where f

11=f2’ f12=f22 /11/22

~
A’=I’{a, b, c, d, lpa,/3} let usputA=~°(A’)=I’{a, b, c, d, lIf}eAut*(H), where
f1If21a/\/~ fI=f2=/j/v/~

l’’—122—e+ eafJ l12_121_ ea/3
— — 2(ad—bc)’ — 2(ad—bc)~

A direct calculationgives

Lemma 5.3. The map~:Aut*(H~)_~Aut(H~) is an epimorphismandKerq~=
{l, a}. The map qiO:Aut(Hf)~~3Aut*(H)is a monomorphism,~0=l and
Aut*(H)~Im~°XKer q. IfA=G(Q,, Q

212, a, /1, YIf) thenço(A)=G’(Q, 1, a,
PI\/~f”,\/~f12) IfA’=G’(Q12, a,/3I�’, f

2) thenço°(A’)=A=F(Q,EJ1, a,fi,
Y I c), whereyand� aredetermineduniquelyfromtheconditionço(A)=A’.

Thus if P=H/F is an N=2 supersurfacesuchthatFci Aut*(H) nAut
0(H),

thenF’=ço(fl is anN= 1 super-Fuchsiangroupandço(P)=H’/F’ is aRiemann
N= 1 supersurface.Let nowM*(X) ci M(~)be the setof all N= 2 supersurfaces
P=H/FEM(X) suchthatFci Aut*(H).

Theorem5.2. If x= (g, 0,, nap, map) such that M(~)~rO then co(M*(x))=

M’(~’),where~’=(g,0,, nao+na,,mao+ma,).Themapco:M*(x)~~*M~(x~)is a
one-to-onecorrespondenceifO0= 0 andafinite-sheetcoverifoo= 1.

Proof Let P= H/FoM(~)andlet w,, ~2 H, (p# Z2) —.~Z2 beArf-functionsgen-
eratedby P. As before,the casemap>0 follows from map=0 by passageto the
limit. If map=O thenF consistsof hyperbolic transformationsA=G(Q,(A),
Q2(A)12,a,P,YI�) and according to lemma 5.3 ~(A)=G’(Q,(A)I1,a,flI
~/~�“ \/~f ). Thusthe RiemannN= 1 supersurface F’ = co(P) generatestheArf-
functionw, andthereforeP’eM’(~’).
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If P’=H’/P’eM’(~) , thenaccordingto lemma5.3,H/~°(P’)EM*(X) andthus
q(M*(~)) =M’(x’). Moreover, if P=H/7oM(g, 0, 0, 0, n,3p, rn~p),then the
transformationAef is determinedby ço(A) andaccordingto lemma 5.3 1=
~~°(~~(P))Thus~:~ is a one-to-onecorrespondenceif 00=0.

Let nowQ:P’—~{l,a} beanepimorphismand~:F~~~±Aut*(H) havethe form
ço~(A)=q°(A)~Q(A).If O~=1wecan selectQsuchthatH/F~l(7~)nM*(x)and
thereforeco(M*(x))=M~(x~).Moreover, if q~(P)=P’and.PEM*(x), then ac-
cordinglemma5.3 P=H/ço~(P’)for someQ.

6. Liftings of Fuchsiangroups,spinorbundlesandthebody of the moduli space
of Riemannsupersurfaces

The setF of all N=2 super-FuchsiangroupsFci Aut(H) containsa subsetF~
which consistsof the transformationsA=1{a, b, c, d, lI0}, wherea, b, c, deER,
IeGL(2, ER). By ourdefinitiontheclassesof conjugationofF form amoduli space
M of N= 2 supersurfaces.Let Mu be a subsetwhich correspondsto F~.The pro-
jection*:L(ER)—~ERgives the projections#F:F—~Fuand*,%f:M—~Mu.For each
meMtheset (#~)~(m)is P\ER~,whereI ER(!~l~~12).ThusMu is thebodyofM.

Let usgiveamoredetaileddescriptionofM~.It maybe seenthateachFci Fu
actson .U=HXC2={(zIO,, 0

2)}by

/az+b 11101+11202 12101+/2202A(zIOi 02)=1\cz+d cz+d cz+d

for eachA = I{a, b, c, d, 11 0}. Let P= I~/F.ThenthenaturalprojectionI~—4H gives
abundlefr:P_3P*of rank2.

Theorem6.1 [Na5]. Thebundlesf~arespinor bundles.

Proof Considera scalarproduct

((z0IO,,02)(z0IO,,02))=0,02+020,

on z0XC
2 ci H. Then

(A(z
010,,02),A(z010,,02))=(l’’1

22+1’2l21)(O,0’
2+020’1)/(czo+d)

2

=((zoI0,,0
2),(zoI0,,02))~A#(z).

Thusthescalarproducton z0xC
2givesascalarproduct~ onfj1 (po), which

dependson thechoiceof alocal map : u—4C, Po0u andis changedto (,) d~/d�
by the change~= ~(�). Thereforefris aspinorbundlein the senseof [Mu].
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The inclusionof the moduli spaceM’ ofN= 1 supersurfacesinto M gives an
inclusionof the bodyM’~ofM’ into Me. Thisbodyis the setof classesof conju-
gationof a setF’,., cc Fe. ForFccF~.,,the Fcc Aut*(H) andthe bundlefrisf’1-~
f’1-~wheref’1~is aspinorbundleof rank 1.

This bundle hasanotherdescription.It may be consideredthat the group
FccF~ actson R=H”XC={(zI 0)} as anN= 1 super-Fuchsiangroup, that is,

(az+b l”OA(z10)=(
\cz+d cz+d

whereA =I{a, b, c, d, 11 0}eF.Thenthe naturalprojectionuJ~~+H#givesthe bun-
dlef~~:

Theorem6.2. ThecorrespondenceF—~f~rgivesa bijectionbetweenM~.,andtheset
ofall spinorbundlesofrank 1.

Proof Accordingto theorem6.1 f~r is aspinorbundle.Letf: E—~Pbe aspinor
bundleof rank 1. Thenauniformizationof F givesa uniformizationof E anda
representationE=R/F, whereFconsistsofthetransformations

/az+b 10
A(z10)=(

~cz+d cz+d

ThusFisanN= 1 super-Fuchsiangroup. fl

Let FccF~.,be an N= 1 super-Fuchsiangroup.ForA ci F,

(az+b /0A(z10)=i
~cz+d cz+d

put

G(A)=(’~ ~)eSL(2,ER).

Lemma 6.1 [Na6]. The map G:F—5L(2,ER) is a monomorphismfor each
FeF~.,.

Proof We will prove that G(C,C2)= G(C,) G(C2), where C,, C2 and C3=

C~’C j’ arehyperbolictransformations.Obviously, G(A —, ) = (G(A) ) —, and
G(ACA ‘) = G(A)G(C)G(A —‘). Thereforeit is possibleto assumethatC,, C2,
C3areas in lemma2.1. Then
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G C ci, (2, 0~’\ C (7, (a, b,~ 1)’ G( ~)=~fi)~ d1

wherea,=2,a1—/3,,b1=(l —2 ,)a,J3,,c,=2,— 1, d,=a,—2,fi, (i=2, 3). Thus

(a 0’\ 0,0203 (a b
~o )=G(Cl)G(C2)G(C3) ~_~3 (a2—fi2)(a3—fi3)~c d

whereb=c=c2a3+d2c3=0 anda=d=2 , (a2a3+b2c3).Therefore

a3 = — (d2/c2)c3,

a=d=2,c3(b2—a2d2/c2)=—2,(c3/c2)22(a2_fi2)2<0,

00~, 0203 sign(a2 —/32) sign(fi3 —a3)

Usinglemma2.1 we havea= 1.

EachA=(~‘~)eSL(2, ER) generatesautomorphisms

az+ b
P(A)z= cz+ d

of H#. A subgroupr~SL(2, ER) will be called SL-Fuchsian if F=P(f) ci

Aut0 (H*) is a Fuchsiangroupand* Ir: [‘—~Fis an isomorphism.Accordingto
[AAS], for eachFuchsiangroupPci Aut (H) thereexistsa lifting ofF, that is, an
SL-FuchsiangrouprsuchthatP(f) =F.

Theorem6.3. ThecorrespondenceF—~G(F)givesa bijectionbetweenM’u andthe
classesofconjugationofall SL-Fuchsiangroups.

Proof Let PbeanSL-Fuchsiangroup.If A= (~~)erandA = G
1(A), then

(az+b 0
A(zIO)=(\cz+d cz+d

Let us prove that G1 (P) eF~.,is a group. Let C
1, C’2 oP. Then C = G I (c,)

generatesa free group <C,, C2> and therefore <C,, C2> nF~.,.According to
lemma 6.1, G(C,C2)=G(C,)G(C2)=C,~2.Thus G’(C,~2)=C,C2=
G—, (~,)G —, (~2), G—1 (1”) is group and therefore G ‘P) eF~.

Let usnowdescribethe setof all SL-Fuchsiangroups.Put

Q(a b’\Jl ifa+d>0,
\\c d)t0 ifa+d<0.

If Ia+dI >2, then
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(az+b 0 ~ 1a—/3)z+(l—2)a/3) (2Q—l)(a—/J)0”~
k.~cz+dcz+d)~. (1—1 )z+ (a—2fi) (2— 1 )z+ (a—2/3))’

whereQ=Q(~~). Thus accordingto lemmas2.2 and2.3 for an arbitrarySL-
FuchsiangroupPthefunctionQ defineson the RiemannsurfaceP=H#/P(P)
an Arf-function wp:H, (P, Z2)—~Z2.

Theorem6.4. For an arbitraryFuchsiangroupFccAut0 (H*) themapP—~0)pde-
fines a bijection betweenliflings of F andArf-functionsw: H,(F, Z2 ) —p Z2 on
P=H*/F.

Proof As provedin section4, eachArf-function w : H, (P, Z2 ) —~Z2 is generated
with someF’eF~.,.Thenaccordingto lemma6.1, P= G(F’) is an SL-Fuchsian
groupandWj’ = w.

Theprojection# givesaprojection#: M’~(x)~~~M*(g, n) of thebodyof themod-
uli spaceof N= 1 Riemannsupersurfacesof typex= (g, 0, n0, n,) on the moduli
spaceof Riemannsurfacesof type (g, n0+n,). Fromtheorems4.1, 6.3 and6.4
follows

Theorem6.5. ThemapM~.,(g,0, n~,n, ) ~~*M#(g,n0+ n,) coversmsheets,where

~=~

2~±fb+111_1 ifn,>0,

m=2max(fbl)~2(2e_ 1) ifn, =0,0=1

~=2max0l)2(2~~ 1) ifn, =0=0.

I thankS.P.Novikov for usefuldiscussionson theresultsof thispaper.
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